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Ahstraet-A numerical method to determine the thermal conductivity of a homogeneous material from 
measured temperature profiles is presented. The problem is formulated as an optimization problem where 
the heat equation appears as a constraint. This optimization problem is solved with the Davidon-Fletcher- 
Powell method and in each iteration the heat equation is solved by finite element techniques with the 

predictor-corrector method. 

1. INTRODUCTION 

DURING the last few decades a lot of efficient numeri- 

cal methods have been developed for the numerical 
solution of initial and boundary value problems in 
physics and applied sciences. The main emphasis in 
the research on numerical analysis has been on devel- 
oping accurate methods. In both theoretical and prac- 
tical applications of numerical methods it is usually 

assumed that the physical parameters appearing in 
the models are accurately known. In practice, 
however, this is rarely the case. Hence, it does not 
seem to be reasonable to solve the problem with too 
accurate a numerical method to get satisfactory 
results. In many cases it also turns out that the exact 
determination of the model of the physical pheno- 
menon is a much more difficult problem than the 
actual approximate solution of the model. Often in 
practical situations measurements are made of tem- 
perature, magnetic field, etc. and from these results 
one would like to estimate a physical quantity so that 
it fits the measured data. This kind of (mathematically 
ill-posed) problem has recently received due attention 

D-41. 
This paper discusses the determination of the ther- 

mal conductivity of a homogeneous material from 
the measured temperatures at certain (finitely many) 
points. Suppose that other thermal characteristics of 
the material are known. In most of the studies so far 
(see the cited papers and their references) the heat 
conductivity is assumed to be a function of the space 
coordinate only. This work discusses the situation 
where the thermal conductivity is dependent on the 
temperature. 

The identification of the thermal conductivity using 
measured temperature values at well sites is an-impor- 
tant inverse problem. A common identification 
strategy is the indirect one where one minimizes the 
deviation between a computed solution and the obser- 

vations via an iterative process. Alternatively, in 
steady state the thermal conductivity is sometimes 
identified by a direct approach [2]. 

The main difficulty in this kind of problem is that 
there are usually so few observations that one cannot 
evaluate the spatial derivative of the temperature by 
simple numerical differentiation. Hence, heavier and 
more time-consuming optimization techniques are 
needed to obtain reliable results. 

2. THE EXPERIMENTAL SET-UP 

In order to estimate the conductivity one can per- 
form for example a heating and cooling experiment. 
Suppose that we have an experimental apparatus as in 
Fig. 1, representing the casting of metal. The diameter 
of the casting is 140 mm and the height is 75 mm. A 
number of thermocouples are placed at the centreline 
of the isolated cylinder at varying distances from the 
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FIG. 1. Schematic sketch of the experimental set-up: I, 
insulator ; M, melted metal ; S, mooId ; and T,, T2,. . . , T9, 

thermocouples. 
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NOMENCLATURE 

;: 
boundary point [m] U approximation of the temperatures [K] 
boundary point [m] U, approximation of the temperatures [K] 

L, 

specific heat [J kg- ’ K- ‘1 V test function 
approximation of the inverse of the vh test function class 
Hessian matrix Vf test function class 

f’ boundary temperature [K] W, approximation of the temperature [K] 

9 boundary temperature [K] X distance [m] 
h grid parameter [m] X, position of the thermocouple [ml. 
i dummy variable 
I objective function [K*] Greek symbols 
r” objective function [K*] !I temperature [K] 
.i dummy variable 4 temperature at different positions [K] 
k dummy variable B number of temperature intervals 
ki degree of polynomial rl number of the time level 
K stiffness matrix number of thermocouples 
M mass matrix ; thermal conductivity [J m ’ s ’ K ‘1 
r initial temperature [K] 41 approximation of thermal conductivity 
t time [s] [J m -Is-‘K-II 
tl time coordinate of the measuring point [s] A,,, calculated thermal conductivity 
At time interval [s] [J m - ’ s- ’ K- ‘I 
T final time [s] & initial thermal conductivity 
u temperature [K] [J m --I s-’ K-II 
zi measured temperature [K] P density [kg m- ‘1 
u(xj, tj) calculated temperature [K] ‘P, linear basic function. 

interface of the melted metal and mould, the thermal 
conductivity of which is to be determined. After con- 
firming that all thermocouples indicate room tem- 

u(b, t) = g(t), 0 < t < T 

21(x,0) = r(x), a < x < b. (1) 
perature, melted metal is poured in. Data of the mould 
temperature is then stored in the array C(xi, Q), where 

Here the temperature-dependent specific heat c(u) and 

xi, i = 1, . . . , K is the distance of the ith thermocouple 
the constant density p are assumed to be known, so 

from the casting and tj, j = 0,. . ,q is the time after 
only the thermal conductivity I(u) of the material 

pouring, being expressed by tj = jAt, i.e. the tem- 
remains to be identified 

peratures are measured at even time intervals until the 
final measuring time is reached. The actual distance 
of each thermocouple from the interface is measured 
with a depth-micrometer after solidification by care- 
fully scraping away the mould until the thermo- 
couples were exposed. 

3. THE GOVERNING EQUATION 

We assume that the temperature distribution in the 
mould can be calculated from the one-dimensional 
heat conduction equation, i.e. the absolute tem- 
perature u = u(x, t) in the material depends only on 
one space variable x (the depth) and the time variable 
t. Assuming that the boundary values and the initial 
temperature distribution are given, the governing 
non-linear partial differential equation can be written 
in the form 

Assume that we know the temperatures u”(xi, rj) at 
the points xi, i = 1,. , K at time levels t,, 
j=O,. ..,q(=T/At) from the measurements 
described earlier. Then the problem is to find the 
thermal conductivity n(u) such that the solution 
u = u(x, t) of equations (1) is a good approximation 
to the measured values at each time level. Obviously 
the real thermal conductivity is a solution (though 
not the only solution) to the following optimization 
problem : find the function 2(u) which minimizes 

z(n) = f i: @(Xi, t,)-u(xi, $))’ (2) 
i=l j=O 

where u satisfies equations (1). Our numerical 
algorithm will be based on this optimization principle. 

pc(u) g = ; a(U); , ( > a<x<b,O<t<T 

u(a,t)=f(t), OGt<T 

4. STATEMENT OF THE PROBLEM 

5. THE NUMERICAL ALGORITHM 

To solve the problem we will approximate both the 
thermal conductivity and the solution U(X. t) of the 
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heat equation. This leads to non-linear differential 
equations which will be solved by predictor-corrector 
techniques. The thermal conductivity n(u) is approxi- 
mated by a piecewise polynomial function 

J+(u) = a,o+ai,u+ . . . +A&‘, UEG4,ui+dr 

i= 1,.,.,/I (3) 

where the temperature interval is divided into fi sub- 
intervals. 

The finite element method with linear elements on 
a uniform grid is used for solving the constraint equa- 
tions (1) numerically. The finite element basis func- 
tions are defined by 

i 

(.x--xi- ,)lh, Xj-1 GX<X, 

rP,(x) = (Xl+ 1 -X)/h3 Xj < X < xj+ I (4) 

0, elsewhere 

wherexj=a+jh,j=O,...,Nandh=(b-a)/N.The 
basis functions span the (Nf I)-dimensional space V,. 
The solution u = u(x, t) of equations (1) is approxi- 
mated by a linear combination of functions gt,{x) 

u(x, t) w U(x, t) = ; a,(t)cpi(x) (5) 
j=o 

with boundary values cr,(t) =f(t), a,(l) = g(t), 
0 < r < T. Our numerical method can thus be stated 
as follows : find the thermal conductivity parameters 

A=(aIO,...,~lk,,...,~BO,...,aBka) 

that minimize the objective function 

fin ,0t...t A Ik,, . . .,&O>. . .J&J 

= i i (G(Xj, tj)- U(x,, fj))2 (6) 
i;;l j=O 

where U(*, t) E V, satisfies for each t the above bound- 
ary conditions and the following additional con- 
straints : 

VveV,f,t>O 

h s b 

U(x, 0)1(x) dx = 
i 

r(x)u(x) dx, vve vi, t = 0 
u u 

(7) 

where Vi = {vc Vh: v(a) = v(b) = 01. In practice, the 
boundary and initial values are expressed by least- 
square polynomial fittings of the actual discrete data. 

System (7) is actually an initial value problem for 
a set of non-linear ordinary differential equations of 
the form 

aa 
M(a, f) dt - + K(a, t)a(t) = 0, t>o 

where 

MOM(O) = U0, t = 0 

b 
(M(a, f))ij = P 

s 
44 spi C4vj t-4 do 

a 

(8) 

b 

C"CI>j = s r(x)cpj (x) dx. (9) 
a 

In the computations, the mass matrix M(a, f) is evalu- 
ated numericaliy using the Simpson rule, while the 
stiffness matrix K(a, t) is computed using the trap- 
ezoidal rule. 

Equations (8) are finally discretized using the stan- 
dard Crank-Nicolson method with equal time step- 
ping. Let t, = nk and denote f (tJ by fn. To avoid 
solving a non-linear algebraic system at every time 
step the predictor-corrector techniques were used, 
where the original problem was transformed into two 
linear systems 

n=O,...,T/k-1 

M(f(W.,,+a,J)v 

n=O,...,T/k-1 

M,a, = UO. (10) 

A more detailed study of the algorithm can be found 
in ref. [S]. 

6. OPTIMIZATION METHOD 

To solve the optimization problem the Davidon- 
Fletcher-Powell method (cf. ref. [4]) was used. The 
basic idea is that the search directions are of the form 
- OjVf(l). The numerically calculated gradient direc- 
tion is thus deflected by premultiplying it by Dj, where 
Dj is an n x n positive definite symmetric matrix that 
approximates the inverse of the Hessian matrix. For 
the purpose of the next step, Dj+, is formed by adding 
two s~met~c matrices, each of rank one, to 4. In 
particular, if the objective function is quadratic, then 
the method yields conjugate directions [4]. The gradi- 
ent direction is calculated numerically by computing 
the change of the objective function corresponding to 
a small change in each 1,. Obviously this the most 
time~nsuming step in the algorithm. 
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7. TEST PROBLEMS 

We analyse here some test problems with the above 
algorithm. The exact solution of Example 1 is taken 
as z@,, t,). 

Example 1 

au a au -=- - (! at ax a.x * o<x< 1,o<r<0.1 

u(0, t) = 0, O<tt0.1 

u(1, f) = 0, O<.<O.l 

u(x. 0) = sin (X.X)), 0 < .Y < 1 

at xi = i/7, i = 0,. . . ,7, r, = O.Ol,i, j = 0,. . . , 10. The 
exact temperature is in this case 

U(X, t) = e-“” sin (XX). 

To solve the constraint equation the time step 
k = 0.01 is chosen and the interval 0~ x < I is 
divided into 20 subintervals, i.e. N = 20. We approxi- 
mate first the thermal conducti~ty by a polynomial 
of degree two in the whole temperature interval 
0 < u < 1. The initial guess is taken as 

L,(u) = 5$5u+Su?, 0 c u < 1. 

After optimization, the value of the objective func- 
tion reaches a minimum at 

A,,(u) = 0.991+0.010U-0.037U~, 0 < u < 1 

and the value of the objective function is 
1”((1,,,) = 0.830 x 10-4. 

The algorithm does not, however, work for all 
initial guesses. For example if we choose the initial 
approximation L,(u) = 5, the algorithm works if J.(u) 
is restricted to a constant, but no reasonable solution 
is found from among the quadratic polynomials. 
Hence we see that one shouid keep a careful balance 
between the inaccuracy of the initial guess and the 
number of free parameters used. 

Next, let us approximate the thermal conductivity 
with a piecewise constant function. The temperature 
interval is divided into three subintervals and the 
initial guess is chosen as 

I, = 5.000, when 0.000 G u < 0.333 

A, = 5.000, when 0.333 G u < 0.667 

1, = 5.000, when 0.667 C u G 1.000. 

In this case the algorithm is terminated when the 
thermal conductivity is 

/2,, = 0.991, when 0.000 6 24 4 0.333 

R,,, = 0.989, when 0.333 6 u < 0.667 

Lopt = 0.973, when 0.667 < u G 1.000 

and the value of the objective function is 
&+,,,) = 0.815 x 10-4. Also the initial guesses 
J,(u) = 3 and 0 lead to the same value, but when we 

have the guess &(u) = 5 and the temperature intervals 
are for example (0,0.323), (0.323,0.489), (0.489, l), 
the algorithm again does not give a reasonable 
solution. We finally note that the piecewise constant 
approximation is quite sensitive to the choice of tem- 
perature intervals. 

In the second example (Example 2) the thermal 
conductivity is not constant. 

au a 
- = - 
dt dx c > 

(I+ U) g -7r2 cos (2X.X) e- zn+, 

Ots< 1,0<t~0,1 

u(O, t> = 0, O<ttO.i 

u(l,t) = 0, O<ttO.1 

u(x, 0) = sin (rcx), 0 < s < I. 

The exact solution, the observation points, the num- 
ber of subintervals and the time step are the same as 
in the previous example. We approximate first the 
thermal conductivity with a second-degree poly- 
nomial in the whole temperature interval. The initial 
guess is the same as in Example I. The minimum value 
of the objective function is in this case 
f(&& - 0.654 x lob4 for the thermal conductivity 

E.,,,(u) = 0.993 i- 1 .000U-o.oo3uZ. 0 < U < 1. 

Also the initial guesses n,(u) = 10 and 0 lead to the 
same solution, but with the guess n,(u) = 5 the 
algorithm cannot find a reasonable solution even if 
the quadratic term is omitted. 

Assuming the initial guess &(u) = 5 in a piecewise 
constant approximation, the algorithm converges to 
fl&,,) = 0.734 x lo-” where 

LO@ = I. 129, when 0.000 G u < 0.333 

^ Aop1 = 1.490, when 0.333 < u < 0.667 

” &pt = 1.748, when 0.667 G u < 1 .OOO. 

The initial guesses L,(u) = 3 and 1 lead to the same 
solution, but with the guess L,,(u) = 0 the algorithm 
fails. When the temperature intervals are (0,0.323), 
(0.323,0.489), (0.489,1) the algorithm finds a reason- 
able solution also with the initial guess A&) = 0. 

If we choose polynomials other than constant in 
the piecewise approximation, the algorithm does not 
work properly. In that case the algorithm becomes 
very sensitive to the choice of initial values and to the 
number of observation points in each ~m~rature 
interval. So it is better to seek the thermal conductivity 
in the whole temperature interval, if there are only a 
few points where the temperature is measured. It is 
also important that the heat conduction process is not 
near the steady-state situation, where every constant 
thermal conductivity is a solution to the optimization 
problem. 
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I 
100 2m 4w 500 600 

FIG. 2. The temperatures of the thermocouples Ti, 
i= 1,...,9. 

il. A PRACTICAL EXAMPLE 

Our practical problem is to determine the thermal 
conductivity of the mould sand in Fig. 1. The sand 
which was investigated consists of 85.2% quartz, 
3.3% coal, 8.0% bentonite and 3.5% water. Only 
temperatures above 373 K are considered so we can 
assume that there is no moisture left. Moreover, the 
effect of the phase transition from cc-quartz to o-quartz 
at 848 K is neglected since the energy involved is small 
[4]. Indeed, no constant-temperature phase transition 
zone can be seen from the heating curves in Fig. 2. The 
specific heat of the sand is calculated by a weighted 
average of its components, and for the components 
we use the values given in ref. [7]. The density of the 
sand is assumed to be p = 1530 kg m- 3 independent of 
the temperature. Nine thermocouples Ti, i = 1, . . . ,9 
were used in the experimental apparatus and the tem- 
peratures were observed every 1.25 s. The initial con- 
dition of the constraint equation is a least-square fit 
to the temperatures measured 185 s after the beginning 
of the cast. The boundary conditions are also least- 
square approximations of the temperatures of the 
thermocouples T, and T,. Thus seven thermocouples 
were in the area where temperature are over 373 K. 
They were placed 0, 2.9, 3.8, 8.0, 13.1, 16.6 and 20.6 
mm from the metal-mould interface. Ideally, we 
would like to start the simulation at the same time as 
casting begins. The problem is then that most ther- 
mocouples in the sand have temperatures below 373 
K. The most interesting phenomena appear before the 
time level 600 s, because after this the temperature 
distribution is near the steady state. The investigation 
was extended to three different final times, namely 
T = 200, 300 and 400 s, to compare the results. The 
interval between the position of thermocouples T, and 
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FIG. 3. The thermal conductivity of the investigated sand. 
The final times of the calculation are with initial guess 

I(u)=1.0:0,200;&3OO;~,4OOsandwithinitialguess 
a(u)=o.4:u,200; x,3oO;v,4OOs. 

T, was divided into N = 20 subintervals and the time 
step in the numerical scheme was chosen to be 
k = 1.25 s. The thermal conductivity was approxi- 
mated by a cubic polynomial function in the whole 
temperature interval. The initial guesses were 
L,(u) = 1 and 0.4 in each case. The results of the 
algorithm are presented in Fig. 3. We note that the 
curves do not differ much from each other. The r.m.s. 
difference between the calculated and measured tem- 
peratures varies from 10.96 to 11.83 K. The thermal 
conductivity curves in Fig. 3 have the same shape and 
magnitude as those in refs. [3,4]. 

9. DISCUSSION 

The problem considered in this paper is mathe- 
matically ill-posed and its solution by the above 
method has a disadvantage that it needs quite a lot 
of computer time and the solution depends on the 
position of the thermocouples. To minimize com- 
puting time there are at least three possibilities: 
approximating the thermal conductivity with fewer 
parameters, improving optimization techniques and 
providing a good initial guess. In the practical cal- 
culation the piecewise constant approximation was 
not as useful as polynomials in the whole temperature 
interval. The results depend heavily on the length of 
the temperature intervals, i.e. the number of meas- 
uring points in each interval. Also in the situation 
where the initial temperature distribution is a rough 
function of the space variable and there are only few 
observation points, the algorithm does not work 
properly. The problem of a non-unique solution can 
occur near the steady-state situation. Moreover, the 
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objective function is not always convex and so there Ackno&eedgmen/-The author would like to thank Proi‘. .I. 

are local minima to make the problem more difficult Pitkzranta and Dr R. Stenberg for several helpful suggestions 

and expensive to solve. One should also note that the 
which contributed substantially to the development of this 
naner. 

spatial differencing in the numerical solution of the . 
heat equation should in general be fine enough (as 
compared with the intervals between the ther- 
mocouples) to get meaningful results. The sensitivity 

1. 

of the algorithm with respect to the initial guess can be 
reduced by starting from low-order approximations 2. 
which are relatively stable numerically. 

If we want the solution to be smooth it might be 
useful to insert some penalty terms to the objective 

i 
_’ 

function which would depend on. for example, the 4. 
derivative of the solution with respect to the space 
variable. These kind of techniques have been inves- 
tigated in ref. [8]. In the case of the practical example 5, 
discussed above, this work does not give an answer to 
the question how the moisture of the sand influences 
the investigated physical property, because in that 6. 
situation the kind of model discussed here does not 
hold any more. New constraint equations are needed 

7, 

at temperatures near 373 K to model the phase change 8. 
of water. 
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METHODE DE DETERMINATION DE LA CONDUCTIVITE THERMIQUE A PARTIR 
DE PROFILS MESURES DE TEMPERATURE 

R&sum&On prtsente une mCthode numCrique pour dkterminer la conductivite thermique d’un matkriau 
homogtne g partir de profils mesures de temptrature. Ceci est prtsenti: comme un problkme d’optimisation 
dans lequel l’bquation de la chaleur apparait comme une contra&e. Ce probl2me d’optimisation est r&olu 
par la mtthode Davidon-Fletcher-Powell et dans chaque it&ration l’tquation de la chaleur est rPsolue par 

une technique d’bltments finis avec une methode de p&diction-correction. 

METHODE ZUR BESTIMMUNG DER WARMELEITFAHIGKEIT AUS GEMESSENEN 
TEMPERATURPROFILEN 

Zusammenfassung-Ein numerisches Verfahren zur Bestimmung der WHrmeleitfghigkeit eines homogenen 
Materials aus gemessenen Temperaturprofilen wird vorgestellt. Bei dem entstehenden Optimierungs- 
problem erscheint die Wgrmeleitgleichung als Randbedingung. Zur Optimierung wird die Davidon- 
Fletcher-Powell-Methode verwendet, wobei in jedem Iterationsschritt die Wirmeleitgleichung durch 
die Kombination von Finite-Elemente-Methoden und einer Technik mit Schltzung und verbesserter 

SchLtzung geliist wird. 

METOn OI-IPEAEJIEHHR TEI-IJIOl-IPOBO~HOCTH I’IO H3MEPEHHbIM IIPO@I,iJI5IM 
TEMI-IEPATYPbI 

h"OTPk,M-npeAJLOX‘?H WCAeHHbIii MeTOA OlIpeAeAeHHK TeIlJIOI‘POBOAHOCTU[ OAHOpOAHOrO MBTC- 

paana no a3MepeHnbrM npo&innM TeMnepaTypbi. npo6neMa @opMyrmpyeTcs KaK 3ana'ia onTurdH3a- 

UWW, B KOTOPOi B Ka=IeCTBe OrpaHHVeH&W HCnOnb3yeTCK WaBHeHHe Tell.l'IOnpOBOAHOCTH. 3aAa'Sa 

peIuaeTcr M~TOAOM AssnsoHa~neTYepa-nay3nna. Ha KaxAOfi BTepawwi ypaBHeHHe TennonpoBon- 

HOCTIl ~IIIaeTCIlMeTOAOMKO"e~Hbnr3JleMeHTOBCBCnO~b30BaHUeM Il~A~KTO~ICOp~KTOpa. 


